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Coexistence of Bose condensation and pairing in Boson mixtures
S. T. Chui
Bartol Research Institute and Dept. of Physics and Astronomy,
University of Delaware, Newark, DE 19716
We consider the problem when there are two kinds of Bosons with an attraction between them.
We find the system to consist of two Bose condensates with an additional pairing order between the
Bosons. The properties of this state are discussed.
I. INTRODUCTION
In general if there is an attraction between two
particles they can form a bound state if the kinetc
energy cost is lower than the potential energy gained.
This is true for both Fermions and Bosons. For a
many particle system, the two particle bound state
becomes a collective state. Because of the identity of
particles, bound states can be formed between any
two particles that are attracted to each other. The
signature of this collecive state is the pairing order
parameter. For Fermions, near the Fermi energy the
kinetic energy cost is always low enough, as is man-
ifested in a log divergent two particle response func-
tion. For Bosons, the kinetic energy cost is higher,
but because there is no exclusion principle, each par-
ticle can interact with many other particles and the
interaction is enhanced. We thus expect a collec-
tive ”paired” state to also form if the interaction is
attractive.
There has been much studies of the Bose-Einstein
condensation and of superconductivity of Fermions
but there were no previous system in which Bose con-
densation and Boson pairing occur at the same time.
This possibility has been considered for a one com-
ponent attractive Bosons[1] but unfortunately one
component attractive Bosons are unstable against
collapse.[2] In this paper we consider a mixture of
two Bosons such that the intra-component interac-
tion is repulsive but the intercomponent interaction
is attractive. We find that, when the intracompo-
nent repulsion is strong enough, the system consists
of two Bose condensates with pairing between the
Bose atoms of the two different components. This
state provides for an opportunity to study the new
physics of the coupling of the superfluid order and
the pairing order. An experimental realization of
this system can be found as a mixture of cold 87Rb
and 41K atoms. The interaction between Rb and
K can be controlled by a Feshbach resonance. The
physical properties of this state and different ways
to experimentally detect it are discussed.
There are usually two limits to describe the col-
lective ”bound” state, depending on whether the in-
terparticle spacing is larger or smaller than the size
of the bound pair. In the latter case, a mean field
approximation is appropriate. Again this idea ap-
plies to both Fermions and Bosons. The mean field
description of the pairing for Fermions has been dis-
cussed by BCS and the basic mathematical manip-
ulation can be carried over. A major difference be-
tween Fermions and Bosons is the appearance of the
condensates for Bosons and it is necessary to treat
the zero momentum states separately. It is also nec-
essary include the interaction of the condensate and
the pair function.
II. FORMULATION
We first derive the basic excitation and ”gap”
equations for this state. We start with the Hamilto-
nian of the particles of mass mi with wave function
Ψi under a trapping potential Vi: The Hamiltonian
Ht is given by
Ht =
∫
d3r
∑
[Vi|Ψi|2 + ~2|∇Ψi|2/2mi (1)
+0.5
∑
i,j
GijΨ
+
i Ψ
+
j ΨjΨi]
As usual Gij = 2pi~
2aij/µij where aij is the scatter-
ing length and µij is the reduced mass. The Fourier
transform of the wave function can be written as
Ψ+i (r) =
∑
k exp(ik · r)a+i,k/
√
V where a+i,k is the
particle creation operator of momentum k for compo-
nent i and V is the volume. Following BCS we define
an order parameter D =
∑
k 6=0 < a
+
1ka
+
2,−k > /V,
which can be determined together with the averages
Di =
∑
k 6=0 < a
+
ika
+
i,−k > /V self consistently via
”gap” equations described below. The correlation
function Di have been previously discussed for the
one component case[3].
We first consider the case where the trapping po-
tential is absent. We assume that the Bosons form
condensates with condensate density Ni. Following
BCS and Bogoliubov, in mean field Ht is approxi-
mated by a Hamiltonian given by a sum of the Hami-
tonian of each of the components and an interaction
term between them:
H =
∑
k 6=0,i
ωi0a
+
ikaik+0.5(vi+si)(aikai,−k+a
+
i,−ka
+
ik)+Hint.
(2)
2where we sum over the component i and the wave
vector k except for k=0. ωi0 = eik + vi, eik = µ +
~
2k2/2mi is the kinetic energy of component i, vi =
NiGii, si = GiiDi is a measure of how much atoms
of the same species are not on top of each other;
Hint = 0.5
∑
k 6=0
[u(a1ka2,−k + a
+
1,−ka
+
2k) (3)
+w(a+
1ka2,k + a1,ka
+
2k)],
w = 2(N1N2)
1/2G12 represent interaction with the
Bose condensates, u = u′ + w, u′ = 2G12D repre-
sent the interaction with the pairing order. Hint is
motivated by the BCS theory. We have assumed
that the phases of D, Di are fixed and set them to
be real numbers. Just as in the BCS theory, the
hydrodynamics modes described by the Josephson
equations[4] involve the change of phases of D and
and Di and thus are not included in the present cal-
culation. Usually, Di < 0 and D > 0.
As usual, we perform the Bogoliubov transforma-
tion and define new eigen-operators
αj,k =
∑
i
ci,jai,k − dija+i,−k,
with commutators given by
[αi, α
+
j ] =
∑
l
(cl,ic
∗
l,j − dl,id∗l,j) = δi,j .
From the conditions [α+, H ] = −λα, [α,H ] =
λα+, we obtain the eigenvalue equation
Hˆ
(
c
d
)
=
(
λ 0
0 −λ
)(
c
d
)
where
Hˆ =
(
H1 H2
H2 H1
)
,
H1 =
(
e1 + v1 w
w e2 + v2
)
, H2 =
(
v1 + s1 u
u s2 + v2
)
The setails of the solution of this equation is de-
scribed in the Appendix.
The gap equation becomes
D =
∑
i,k 6=0
(c1,id2,i + c2,id1,i)/(2V )
The equations for the other parameters are
Dj =
∑
i,k 6=0
cj,idj,i/V
The gap equations can be solved numerically. We
discuss this next.
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FIG. 1: The order parameter D (black) in units of the
trap volume density and the excitation energies ∆2 (blue
 and red ◦ ) in units of the trapping energy as a function
of the K-Rb scattering length in units of the Bohr radius
III. NUMERICAL ILLUSTRATION
As an example we assume that the condensate
density of the two components are the same and is
equal to the central density of 106 K atoms trapped
in a pancake shaped trap of aspect ratio
√
8 and a
trapping frequency of 100Hz. The scattering lengths
are aK−K = 66aB, aRb−Rb = 94.3aB where aB
is the Bohr radius. The result for D in units of
the trap volume density and ∆2 in units of the
(trapping energy)2 are shown in fig. (1) as a func-
tion of the K-Rb scattering length aK−Rb in units
of the Bohr radius. That solutions to the gap equa-
tion exist shows that indeed the kinetic energy cost
is low enough and the coexistence of the two order
is indeed possible. As the Rb-K scattering length
becomes more negative D increases.
The parameters Di are not strong functions of
aRb−K . These, together with the order parameter,
are shown in fig.(2). As is well known[5], their finite
values indicate depletions of the condensate densi-
ties, δNi =
∑
j,k 6=0 d
2
i,j/V , which is larger for more
negative aRb−K . This depletion is small. For exam-
ple, the changes δNRb and δNK are equal to 2.35%
and 2.45% respectively for 2aRb−K = −45aB .
For Fermions, there is a BCS to BEC transition
as the attraction becomes strong. It is of interest to
study the corresponding situation for the Boson case.
In the study of one component attractive Bosons, the
cloud collapses when the number of Bosons is large
enough[2] There is a resemblance between that prob-
lem and the present one. Thus it is meaningful to
ask if or when this state will also collapse? One can
speculate that it may depend on the relative magni-
tude of G11, G22 vs G12. The energy ∆− in eq. (8)
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FIG. 2: The order parameter D (black) and the parame-
tersDK (blue ) andDRb (red ◦) in units of the trap vol-
ume density as a function of the K-Rb scattering length
in units of the Bohr radius.
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FIG. 3: The order parameter D (black) in units of the
trap volume density and the excitation energies ∆2 (blue
 and red ◦) in units of the trapping energy as a function
of NK with NRb = 2NK .
becomes imaginary and the state is unstable if α > 0.
We found that this happens, for example, when there
is no intra-component repulsion andGii = 0.Our nu-
merical result in fig. (1) shows that ∆2 decreases to-
wards zero as aK−Rb is decreased. This is reasonable
as we expect when the intra-component repulsion is
not sufficient to prevent the collapse, an instability
will occur.
We have also investigated the dependence of our
results on the superfluid density. An example of this
is illustrated in fig.(3). We assume that the Rb con-
densate density is twice that of the K condensate
density which is equal to the central density of NK
atoms trapped in a pancake shaped trap of aspect
ratio
√
8 and a trapping frequency of 100Hz. As the
Boson density is decreased, the effective repulsion
is decreased and ∆2 is increased. This shows that
the existence of the pairing order does not depend
on the existence of the superfluid. Physically, the
pairing Hamiltonian Hint remains finite even when
N1 = N2 = 0 because there is a term proportional
to G12D.
IV. PAIRING AND BOSE
CONDENSATATION
The additional pairing order makes the superfluid
phase more favorable. We illustrate this with an ex-
ample next. There has been recent interest in the
insulator-superfluid transition of Bosons in the pres-
ence of a periodic potential. We found that in mean
field, for the two component system in the presence
of an external periodic potential, the pairing makes
it more difficult to achieve the insulator phase. As
usual we consider the Bose-Hubbard Hamiltonian
H =
∑
iHiS +HiA;
HiS =
∑
α
λˆsαNˆαi(Nˆαi − 1)− µαNˆαi (4)
HiA =
∑
α<ij>
−Jαaˆ+αiaˆαj + λaNˆ1iNˆ2i (5)
where Nˆαi = aˆ
+
αiaˆαi is the number of atoms of com-
ponent α at lattice site i , λ corresponds to the inter-
action strength and Jα is the hopping matrix element
between adjacent sites i, j. We investigate the condi-
tion such that component 1 is in the superfluid state
while component 2 is close to the insulating phase.
Let us introduce the superfluid order parameter[6]
ψ2 =< aˆ
+
2i >=< aˆ2i > and construct a consistent
mean-field theory by substituting
aˆ+2iaˆ2j = ψ2(aˆ
+
2i + aˆ2j)− ψ22 . (6)
Then Eq. (5) yields the following ψ2 dependent
terms:
H ′iA = zJ [ψ
2
2 − ψ2(aˆ+2i + aˆ2i)] + λa
√
N1ψ2D, (7)
where z = 2d is the number of nearest-neighbor sites,
d is the space dimension. The last term is the mean
field approximation of the interparticle interaction
term. Central to this approximation is that, as is
pointed above and illustrated in fig. (3), the pairing
order parameter D remains finite even as the su-
perfluid density N2 becomes small. The last term in
this Hamiltonian is absent in previous calculations of
the one component case. It stabilizes the superfluid
phase and makes it more difficult to become a Mott
insulator. To summarise, there is a coupling term of
the form Hc = G12(N1N2)
0.5D between the super-
fluid densities N1,2 and the pairing order parameter
D. Because the existence of the pairing orderD does
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FIG. 4: The order parameter D (black) and the param-
eters DK (blue ) and DRb (red ◦) in units of the trap
volume density as a function of NK with NRb = 2NK ,
2aRb−K/aB = −20.
not depend on the existence of the superfluid, D re-
inforces N1,2.
In the presence of a trap, Ψ(r) = ψ0(r) + ψ(r)
where ψ0(r) corresponds to the Bose condensate
function. For the current experimental systems, the
Thomas-Fermi approximation works well and we as-
sume that is the case here. A key point is that the
magnitude of the kinetic energy term is much smaller
the interaction term in the Hamiltonian. This kinetic
energy term can be important in the consideration
of the hydrodynamics mode which is not under con-
sideration in this paper because we have picked a
fixed phase for the pair function. Thus it is reason-
able to treat this kinetic energy term as a perturba-
tion. In this approximation, the effect of a trap is
to change the local condensate density at different
distances from the trap center. At different posi-
tions inside the trap, we can then apply the results
discussed above using the local density determined
in the Thomas-Fermi approximation and D is a spa-
tial function that corresponds to the local condensate
density.
V. DISCUSSION
As we see above, the pairing state is stabilized
from collapse by the intra-atomic repulsion. A crit-
ical state is reached for the case when the num-
ber of atoms the two components are the sane and
the attraction is equal to the repulsion. An exam-
ple of such a state is the two component charged
bosons. This particular case has been discussed by
Dyson[7] who found that the ground state energy
E < −AN7/5 for a positive constant A.
We next discuss possible ways to detect this state.
From the CCD image of the expanded cloud, we can
determine the density ρi(θ) of the particles of compo-
nent i moving in a direction specified by some angu-
lar coordinates which we denote as θ. We can deter-
mine a measure of the order parameters D from the
density correlations of particles moving in opposite
directions:
C =< ρ1(θ)ρ2(θ + pi) > − < ρ1 >< ρ2 > .
In our approximation C ∝ D2.
To summarise, we have described a state with both
pairing order and Bose condensates for a Boson mix-
ture with inter-component attraction. Its physical
properties are described. In this paper we perform
mean field calculations which we hope are simple
enough that the physical picture is clear. For the
mean field approximation to work, the ”pair size” ξ
need to be larger than the interparticle spacing a0.
We found that for our choice of parameters, ξ/a0 ≈ 3
away from the instability point. As the instability
point is approached, ∆ decreases and ξ/a0 increases.
The mean field approximation gets better.
VI. APPENDIX
If we add and subtract the two rows of the eigen-
value equation, we get
H+(c+ d) = λ(c− d), H−(c− d) = λ(c+ d)
where H± = H1±H2 are symmetric matricies. Tak-
ing the product, we get
H−H+(c+ d) = λ
2(c+ d)
This is a 2x2 equation that can be easily solved.
In the long wavelength limit we obtain excitations
with eigenvalues λ2 = ∆2 where the energies ∆2 are
given by
∆2± = (−α± β1/2)/2. (8)
α = s21 + s
2
2 + 2u
2 − 2w2 + 2s1v1 + 2s2v2, β =
r1w
2 + r2w + r3, r1 = 4(s1 − s2)2 − 8v1(s1 − s2) +
8v2(s1−s2)+16v1v2, r2 = −16u(s2v1+s1v2+2v1v2),
r3 = (s
2
1−s22)2+4(s1v1−s2v2)(s21−s22+s1v1−s2v2)+
4u2[(s21 + s2)
2 + 2(s1 + s2)(v1 + v2) + 4v1v2].
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